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Abstract. Let F± and F2 be independent copies of correlated 
fractal percolation, with Hausdorff dimensions dimH (-Fj. ) and diniu (-F2 ) ■ 
Consider the following question: does diiriH(-Fi) + dining) > 1 
imply that their algebraic difference F\ — F 2 will contain an inter- 
val? The well known Palis conjecture states that 'generically' this 
should be true. Recent work by Kuijvenhoven and the first author 
([2]) on random Cantor sets can not answer this question as their 
condition on the joint survival distributions of the generating pro- 
cess is not satisfied by correlated fractal percolation. We develop 
a new condition which permits us to solve the problem, and we 
prove that the condition of ([2 ) implies our condition. Indepen- 
dently of this we give a solution to the critical case, yielding that a 
strong version of the Palis conjecture holds for fractal percolation 
and correlated fractal percolation: the algebraic difference contains 
an interval almost surely if and only if the sum of the Hausdorff 
dimensions of the random Cantor sets exceeds one. 



1. Introduction 

In this paper we consider a natural class (called correlated fractal per- 
colation) of random Cantor sets with dependence, as opposed to the 
independent case, which is know as fractal percolation or Mandelbrot 
percolation. Two and three dimensional versions of both types of sets 
have occurred before in the literature, especially as a modeling tool, 
see e.g., [3], where the dependent case is called the 'homogeneous al- 
gorithm', and the independent case the 'heterogeneous algorithm' (See 
Figure [T] Left, respectively Right for an illustration of these two pro- 
cesses by two realizations). In [I] they are called 'constrained curdling', 
respectively 'canonical curdling'. All this work has its roots in the sem- 
inal paper [5]. 

Our main goal is to answer the question whether or not an interval 
occurs in the algebraic difference of two independent random Cantor 
sets from the correlated fractal percolation class. A complete answer is 
given in Theorem [3] in Section [5j 
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We also call correlated fractal percolation m out of M percolation (cf. 
Subsection 2.2), where m is an integer with 1 < m < M. It will appear 



that the transition from no interval to interval lies at values of m ~ 
\[M. The combinatorial Lemma [6] lies at the basis for a solution of 
all cases, except the case m = y/M + 1, which is a tough nut to crack 
(Lemma [7]). 



2. Differences of random Cantor sets 

Here we will introduce M-adic random Cantor sets and their differ- 
ences, and the main result (Theorem [TJ from [2] regarding the Palis 
conjecture, with a rough sketch of the proof. Finally we describe higher 
order Cantor sets which are particularly useful to obtain a more com- 
plete characterization from Theorem [TJ 

2.1. M— adic random Cantor sets. An M— adic random Cantor set 
F is constructed using the following mechanism: take the unit interval 
and divide it into M subintervals of equal length. Each of those subin- 
tervals corresponds to a letter in the alphabet A = {0, . . . ,M — 1}. 
It will be convenient to consider A as an Abelian group with addi- 
tion. So for instance if M = 6 we have 5 + 3 = 2. Now define a joint 
survival measure \i on 2 2 . It is determined by its values (p(A)) on 
the singletons A G A. According to this distribution we choose which 
subintervals are kept and which are discarded. Then in each next con- 
struction step, each of the surviving subintervals is again divided in M 
subintervals of equal length, of which a subset survives according to 
the distribution \i. 






FIGURE 1. Left: Two-dimensional 7 out of 9 correlated frac- 
tal percolation with /x(0) = 0. Middle: Two-dimensional 8 
out of 9 correlated fractal percolation with yu(0) = \. Right: 
Ordinary two-dimensional fractal percolation with p = 7/9. 
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More formally, we consider the space of {0, l}-labeled M-adic trees 
{0, l} r , where we label each node i\ . . . i n e T with X ix ^ in e {0, 1}. 
The probability measure on this space is defined by requiring that 
F u (Xij, = 1) = 1 (where is the root of T), and that for alHi . . . % n e T 
the random sets 

{i n +i £ A : Xj 1 ... in j n+1 = 1} 

are independent and identically distributed according to /i. We let T n 
denote the set of nodes at level n, and for any i n — i\ . . . i n from T n we 
define the associated M-adic interval by 



hi.. .i v 



%\ in—I i>n i>l in 1 

' ' ' ' ' 7i r .„ 7 ' 7i TZ. i 7i r ' ' ' ' ' 7i TZ. 7 ' 



M M" 1 M n ' M M h 1 M™ 

The n-th level approximation F n of the random Cantor set is a union 
of such n-th level M-adic intervals selected by the sets S n defined by 

Sn {^1 • • - in • -^Qi -^iit2 ' ' ' 

The random Cantor set F is 

oo oo 

^=n^"=n u 

n=l n=l ii...i n eS„ 

The marginal probabilities of u are defined for i e A by 
(1) Pl := ^ M^). 

We start with the definition of the class of random Cantor sets which 
we will take into consideration. 

2.2. Correlated fractal percolation. From now on we will consider 
one- dimensional fractal percolation. 

Definition 1. Suppose fi assigns the same positive probability to all 
subsets of A with m elements for some fixed integer 1 < m < M , and 
that fi assigns probability zero to all other non-empty subsets of A. If 
p :— (1 — u(0))|| then we call this (to, M,p) -percolation. 

We can compute the marginal probabilities of (to, M, p)-percolation as 
follows. Let X be a subset of A, chosen according to the joint survival 
distribution u. The probability that X is non-empty is 1 — u(0). Given 
that X is non-empty, the probability that a fixed k e A belongs to X 
equals to/M. It follows that for k G A the marginal probability pu is 
given by 

p fc = (l-u(0))-^=p, 
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which is exactly the reason why we defined (m, M, p)-percolation by 
requiring that p = (1 — /i(0))m/M. Because < /u(0) < 1, (m,M,p)- 
percolation is only defined for < p < ||. From now on we will assume 
that p > and m > 0, since giving the empty set probability one does 
not yield the most exciting situation. 

2.3. Algebraic differences of sets. The algebraic difference F\ — F 2 
of the sets F 1 and F 2 is defined by 

Fi - F 2 = {x - y : x G F x , ye F 2 }. 

The well known Palis conjecture ([6]) states that 'generically' dimn(Fi) + 
dim^i 7 ^) > 1 should imply that the algebraic difference F\ — F 2 will 
contain an interval. 

This question is considered in [1] and [2] for two M-adic random Can- 
tor sets Fi and F 2 with the same M but not necessarily the same joint 
survival distribution. 

One can distinguish between joint survival distributions selecting in- 
tervals independently and joint survival distributions not having this 
property. In the independent case, the problem is somewhat less com- 
plicated, but still far from trivial. Intervals are selected and discarded 
independently if and only if the joint survival distribution satisfies for 
all X C A the equality 

(2) fi(X) = 11^11(1 - Pi ). 

An important role in the answer to the main question is played by the 
cyclic cross-correlation coefficients (mostly simply called correlation 
coefficients) 

M-l 

lk-=^2 QiPi+k' for k E A > 
i=0 

where (p^ and (gj) are the vectors of marginal probabilities of the joint 
survival distributions /i, respectively A. 

The result of [2] needs the following condition (which is satisfied in 
the independent case of Equation ([2])). 

Condition 1. A joint survival distribution (/x(v4))aca satisfies the 
joint survival condition (JSC) if it assigns positive probability to the 
marginal support Supp m (/z) of fi, which is defined by 

Supp m (/i) :=(J{XCA: fi{X) > 0} = {i E A : Pi > 0}. 
The following result of j2j generalizes the main theorem of pp. 
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Theorem 1. Consider two independent random Cantor sets Fx and 
F 2 whose joint survival distributions [i and A both satisfy Condition^ 
the (JSC). 

(1) If % > 1 f or a tt k £ A, then F% — F 2 contains an interval a.s. 
on{F 1 -F 2 ^®}. 

(2) If 7k < l,7fc+i < 1 for some k e A, then F\ — F 2 contains no 
interval a.s. 

Obviously for (m, M, p)-percolation the JSC is not satisfied, unless we 
are in the case m = M, giving positive probability only to the full 
alphabet and the empty set (actually, this is ordinary fractal perco- 
lation, where intervals are discarded independently and the marginal 
probabilities pk are all equal to p). 

2.4. The geometry of the algebraic difference. We will give in 
this subsection the tools and the notation introduced in pQ and [2J. 
Let 4> : [0, l] 2 — ► [—1, 1] be given by <p(x,y) = y — x, then Fi — F 2 = 
4>(Fi x F 2 ). Thus F\ — F 2 is defined on the product space of the prob- 
ability spaces of F\ and F 2 . We will use P := x to denote the 
corresponding product measure and E to denote expectations with re- 
spect to this probability. 

Let Fi and F 2 be two independent M-adic random Cantor sets with 
joint survival distributions // and A, respectively. Denote by F™ and F^ 
their n th level approximations (n > 0) and define the following subsets 
of the unit square [0, l] 2 : 

oo 

A n . = pn x pn^ n > ^ A := Fi X F 2 = Q A". 

n=0 

Note that as F? | F 1 and F 2 n | F 2 , also A n 1 A. 
The A n are unions of M-adic squares 

Qi\:.i n ,h—jn := Ih...i n X Ijl—jni 

with %\ ■ ■ ■ i n ,ji ■ ■ ■ jn £ 1~ n and n > 0. 

Note that acts as a 45° projection on the x-axis. Similarly to pQ and 
[2J we scale and rotate the unit square over 45° counterclockwise, to 
rather see it as a 90° projection on [—1, 1]. See Figure |2]for a graphical 
representation of some of the squares Q and their 0-images. Here we de- 
note the M-adic intervals J^...^ in [0, 1] by I? A (they are projections 
of squares in the right side of the tilted square), and define 

I L . =I R . -1 
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FIGURE 2. An illustration for M = 3 of the unit square 
[0,1] 2 , scaled and rotated by 45°. The shaded squares form 
a realization of A 2 for 2 out of 3 fractal percolation. The 
vertical projection gives the </>-image [—1, 5/9] of A 2 . 



for the M-adic intervals li x ...i n in [—1, 0] (they come from the left side). 
The columns fen , where U = L or U = R are defined for each 
h . . . k n e T by 

cl., n ■= 0" 1 (/£... J • 

Note that any n th level M-adic square Qi 1 ...i n ,h...j n is split into a 'left' 
and a 'right' triangle by the M-adic columns. These triangles are called 
L-triangles and i?-triangles, and will be denoted by L ix _ in ^_j n and 
II, ..... . ; n ... h , respectively, for any i x . . . i„,ji . . . j n E T. 
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For all U, V G {L, R} and k n G Twe let 

z uv (k n ) ■= #{(in,i n ) : Qi n , L C A»,^ C CfJ 

denote the number of level n ^-triangles in A n D C^ 7 . We also denote 
the total number of V-triangles in columns Ct and CP together by 

— n —n 

Z v (k n ):=Z LV (k n ) + Z RV (k n ), 
for all k n ET. For example, in Figured we have Z R {Q1) = 1 + 2 = 3. 



An important observation is that an M-adic interval 1% is absent in 
0(A n ) exactly when there are no triangles in the corresponding column 
C¥ in A": 

II £ 0(A") Z VL (k n ) = Z UR (k n ) = 0. 

The triangle counts Z uv (k n ), with k\, fe, • • ■ a fixed path, constitute a 
two type branching process in a varying environment with interaction: 
the interaction comes from the dependency between triangles that are 
aligned, i.e., triangles contained in respective squares Qi 1 ...i n ,j 1 ...j n and 
...i',,./ ...,: with % x . . . % n = i[ . . . i' n or j x . . . j n = j[ . . . j' n . Squares that 
are not aligned will be called unaligned. 

The expectation matrices of the two type branching process are for 
k n G T given by: 



(3) M (k n ) :- 



EZ LL {k n ) EZ LR (k r 
EZ RL (kJ EZ RR \k r 



These matrices satisfy the basic relation 

(4) M(ki...k n ) — M (h) ■■■ M (k n ) , 
for all ki . . . k n G T. 

Lemma [T] shows the importance of the correlation coefficients. 
Lemma 1. ([]]) For all k G A we have 

(5) [1 1] M (A;) = [EZ L (k) EZ R (k)] = [ lk+l lh ]. 
Proof. As in [T] this follows from some careful bookkeeping and 

h,j C A 1 ) = P(/i C Fl, I, C F 2 X ) = P M (/< C F^Pa (Jj C F*) = 

□ 
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2.5. Rough sketch of the proof of Theorem [TJ The idea of the 
proof is to pair unaligned left and right triangles that survive in the 
same column into what are called A-pairs. 

Suppose we have a A-pair in one of the columns with positive proba- 
bility. If we can prove that there is a strictly positive probability that 
the number of L-triangles and i?-triangles in all subcolumns of this 
column grows exponentially, then it can be shown that with positive 
probability the M-adic interval corresponding to this column is in the 
projection 0(A). The determining quantity for exponential growth is 
the smallest correlation coefficient 

(6) 7:=min7 fc . 

Now we make use of the fact that conditioned on A ^ the Hausdorff 
dimension of A is almost surely larger than 1 , which is implied by 7 > 1 . 
It can be shown (see [1]) that from this it follows that the number of 
unaligned squares grows to infinity. By self-similarity of the process 
each of the unaligned squares has positive probability to generate an 
interval in the projection, and hence with probability one there will be 
an interval in the projection. 

To show that a A-pair occurs somewhere with positive probability it 
suffices that 7 > 1. So the joint survival condition is only needed to 
ensure positive probability of exponential growth in all subcolumns of 
a A-pair. For any level I A-pair (L l ,R l ) that is contained in a level 
I column C, the distribution of the number of level I + n V^-triangles 
surviving in A l+n in the fc n -th subcolumn of (L l ,R l ), conditional on 
the survival of (L l , R l ) in A', is independent of I, the particular choice 
of the column C and the A-pair in this column. Therefore, we can 
unambigiously denote a random variable having this distribution by 

(7) Z v (k n ) 

for all V G {L,R} and k n G T. In general Z v (k n ) does not have the 
distribution of Z v [k n ) because there is possible dependence between 
the offspring generation of two level triangles, whereas there is no 
dependence between the offspring generation of the L-triangle and the 
i?-triangle of a A-pair, because they are unaligned by definition of a 
A-pair. However, both do have the same expected value. 
In [2] the following lemma on exponential growth of triangles is proved: 

Lemma 2. If 7 > 1, and the joint survival distributions satisfy the 
joint survival condition, then for all n > 

P(Z L (/y) > 7 Z , Z R {k^) > 7' for all ^ G % for all < / < n) > 0. 
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In Lemma [4] in Section [4] we obtain this lemma (with a different growth 
factor) under weaker conditions than the joint survival condition. 

2.6. Higher order Cantor sets. The idea of higher order Cantor sets 
is to collapse n construction steps into one step. Since A" | A we can 
for all n > 1 write 

oo oo 

a = pi A m = pi A nm . 

m=l m=l 

The sets (A nm )^ =1 are constructed by joint survival distributions which 

will be denoted by /i*™) and X^ n \ If Theorem [2] fails to answer the 

interval or not question for the pair (/i, A), one can hope to get an 

answer by considering A as generated by (^ n \ A*™**). 

The success of this idea is illustrated by Theorem 6.1 in [2], and by 

Theorem |4j We will also use it for the proof of Lemma [7j 

All entities of the nth order random Cantor set will be denoted with 

a superscript (n). The alphabet now is A^ n ^ = {0, . . . , M n — 1} and 

jj,^ and A'-™-' are probability measures on the subsets of which are 

completely determined by /1 and A. 

Let us illustrate this with a simple example. Let M = 2 and define 
ji by /i({0, 1}) = /i({l}) = 1/2. For the corresponding second order 
Cantor set we have A^ 2 ) = {0, 1, 2, 3} and 

^({0, 1, 2, 3}) = u( 2 )({l, 2, 3}) = ^({0, 1, 3}) = u( 2 )({l, 3}) = §, 
^({2,3})=^({3}) = \. 

3. The critical case 

What happens in the critical case when 7 = 1? This was left open in [1] 
and j2]. Here we will give a simple argument, independent of the other 
results in this paper, that permits us to give a complete classification in 
Theorem |3j In particular we can tell what happens for critical classical 
fractal percolation: if p = 1/ a/M, then there is almost surely no interval 
in the difference set. 

Proposition 1. Consider two independent random Cantor sets F\ and 
F2 with joint survival distributions fi and A having marginal probabili- 
ties (pi) and {qj), such that 70 < 1. Then F\ — F2 contains no interval 
a.s., provided that for alii 6 A : piqi 7^ 1. 

Proof. Let Z n be the number of 'central' squares in A n , i.e., 

Z n = ...i n eT : Q h ...i nM ... in e A"}. 
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Then Z = 1, and since these central squares are unaligned, (Z n ) is an 
ordinary branching process with mean offspring 

E[Zx\ = poqo+Piqi + ••• +Pm-iQm-i = 7o < 1- 

Now if 70 = 1, then the offspring distribution is deterministic {Z\ = 1) 
if and only if = g, = 1 for some i G A, which is assumed not to be 
the case. Hence, (Z n ) will die out a.s., say at time N. In the sequel we 
will write the string i\ . . . i n — (fc, k, . . . , k) for fcsAas k n . 
Then, because there are no central squares left, C^ N+n only contains left 
triangles for all n > 0. Moreover, the number of left triangles in (C^ + „) 
is an ordinary branching process (Y^) with random initial distribution 
Yq, and mean offspring 

Ep^] = Mm-i < 1. 
Similarly, C^ M _^ N+n only contains right triangles for all n > 0. More- 
over, the number of right triangles in (C^ M _^ N+ „) is a branching process 
(Y n L ) with Y^, and mean offspring 

Wi L ] =PM-iQo < 1. 
If both EfY^j and Efy^] would equal 1, thenpog^f.! = Pm-iQo = 1 and 
consequently po<?o — Pm-iQm-i — 1 implying that 7 > 2. Hence either 
EfYj^] < 1 or EfY"^] < 1, such that at least one of the two branch- 
ing processes (Y^ 1 ) and (Xn) wm ^ e ou ^ a l m °st surely, implying that 
Fi — F2 has a 'gap' directly left or right of 0. It then follows from self- 
similarity and the denseness of the points k\M~ x + • • • + k n M~ n that 
Fi — F2 contains no interval a.s. (cf. PQ) □ 

That we need at least some restriction on the marginal probabilities 
in addition to the requirement 70 < 1 is shown in the following ex- 
ample: Let M = 2 and define the (deterministic) joint survival dis- 
tributions /i and A by setting /x({0}) = 1 and A({0, 1}) = 1. Then 
F 1 x F 2 = {0} x [0, 1], and so F x - F 2 = [-1, 0]. 

4. The distributed growth condition 

In this section we introduce a condition for exponential growth of tri- 
angles which is based on the following idea: if we can find a column C 
where we have a sufficient number of A-pairs, then under some con- 
ditions each of these A-pairs can be used to guarantee exponential 
growth of triangles in a proper subset of the set of subcolumns of C. 
In some sense we 'spread the burden of proof, and this gives the con- 
dition a flexible nature. This is illustrated by the fact that with help of 
this condition, we can completely classify correlated fractal percolation. 
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For X, Y C A and e G A we define r y e (X,Y) to be the e th correla- 
tion coefficient corresponding to the joint survival distributions /i* and 
A* assigning probability one to X and Y respectively, i.e., 

(8) 7e(X,y) = ^l y (*)lx(* + e). 

Condition 2. The pair of joint survival distributions (/i, A) satisfies 

the distributed growth condition if for all k G A we can find sets 

Xk, Yk C A snc/i i/iai 

(DGO) ji(X fc ) > and X(Y k ) > 0, 

(DG1) min le (X k ,Y k )>l, 

(DG2) 7fc(^fc,n) > 2, 7fc+ i(X fc ,y fc ) > 2. 

Lemma 3. Let E denote the event that there exists I > 1, k t G % 
and U G {L, R} such that C ki contains at least M left and M right 
triangles which are all pairwise unaligned. If the pair of joint survival 
distributions (/i, A) satisfies the DGC, then 

F(E) > 0. 

Proof. Choose Xq, Yq C A according to the DGC. Define the joint 
survival distributions /i* and A* by /i*(X ) = A*(Yo) = 1- Then by 
(DG2) both column sums of the expectation matrix M*(0) are at least 
2, implying that 

[1 1] M*(0 n ) > [2 n 2 n ], 

elementwise. The first row of Ai*(0 n ) corresponds to Cq„, which can 
contain at most one left triangle and no right triangles. Therefore, both 
numbers in the second row of M*(0 n ) are bounded below by 2 n — I. It 
follows that the numbers of left and right triangles in C§, grow arbi- 
trary large if n is sufficiently large. Since // and A assign positive prob- 
ability to X and Fo respectively, the statement of the lemma follows. □ 

We can now formulate our exponential growth lemma. 

Lemma 4. If the pair of joint survival distributions (/i, A) satisfies the 
distributed growth condition, then there exist I > 1, k t G % and rj > 1 
such that for all n > 

F(Z L (t l k p ) > if, ZK^kp) > rf for all k p G T p for all < p < n) > 0. 

Proof. Choose n > arbitrary. For all k G A choose X k C A and 
Y k C A such that these sets satisfy the DGC. Define the joint survival 
distributions /i£ and A£ by requiring that fj,l(X k ) = \l(Y k ) = 1. 
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Let fc e Abe fixed and consider the expectation matrices corresponding 
to the triangle growth process defined by (/z£,A£). By ([5]), their column 
sums are given by the correlation coefficients corresponding to the pair 
of joint survival distributions A£). So, for all e G A, both column 
sums of M.\(e) are at least 1 and both column sums of M.* k (k) are at 
least 2. Let p be an integer with < p < n. Since for k p = k\ . . . k p G T p 
we have 

Mi(k p ) = Mt(h)...Mi(k p ), 

it follows that a lower bound for the column sums of M.\{k p ) is deter- 
mined by the number of fc's in the string k p . We obtain (omitting the 
dependence on k, and writing kj for the jth element in the string k .) 

From the deterministic nature of /i£ and A£, it follows that the expec- 
tation of the number of triangles in some column is simply the number 
that will occur. This means that for all < p < n 

strati = = %+i > 2*^^= k \ 

Since (/x, A) satisfies the DGC, we can by Lemma [3] find an Z-adic col- 
umn C k[ containing with strictly positive probability at least M left- 
and M right triangles being all pairwise unaligned. Let this event be 
denoted by E and abbreviate the notation of this column by C and its 
sub columns C k[k by Ck p - 

Now suppose we have a A-pair (L, R) in C, in which the growth process 
behaves according to the pair of joint survival distributions (/4.,A£). 
Then, for all p and all subcolumns C^ v of C, both the number of left and 
the number of right triangles in Ck n(LUR) is at least 2^ Q -^- p '- ki=k ^ . 

Conditional on the event E, we have M left and right triangles in C. 
We can label them by the elements of A such that we have M A-pairs. 
These 2M triangles are all pairwise unaligned (also if they belong to 
different A-pairs) and hence there is completely no dependence between 
these triangles. It follows that it is possible that in each of the A-pairs 
the growth process takes place as prescribed by /i£ and A£, where k is 
the label of the A-pair. Denoting the event that this happens in the 
first n construction steps after occurrence of E by E n , we can find a 
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strictly positive lower bound for F(E n \E): 

HE n \E) > n^(^) E ^ (#Xfc) '"A(n)^= l(#y&)i " > 0. 
fceA 

Let < p < n and let Ck p be an arbitrary M p -adic sub column of C . 
There must exist a k = k{k p ) G A such that # {0 < j < p : kj = k} > 
Hence, given the event E n , for the numbers of left and right 
triangles in Ck p we have 

Z L (£^ P )>2^, 2^1 
Taking r] = y/2, we obtain 

¥(Z L (k l k p ) > rf, Z R (k l k p ) > r] p for all k p G T p for all < p < n) 
> F(E)F(E n \E) > 0. 

□ 

Collecting the results established so far, we can replace the joint sur- 
vival condition (Condition [TJ and Lemma [2] by the distributed growth 
condition and Lemma [4] to obtain the following useful variation on 
Theorem U 

Theorem 2. Consider two independent random Cantor sets F\ and 
F 2 whose joint survival distributions satisfy Condition^ the DGC. 

(1) 7/7fc > 1 for all k G A, then F% — F 2 contains an interval a.s. 
on{F 1 -F 2 ^(&}. 

(2) I/7fc < l,7fc+i < 1 for some k G A, then F\ — F 2 contains no 
interval a.s. 

This result is useful since it can be successfully applied to the class of 
correlated fractal percolation, whilst the JSC is never satisfied for the 
members of this class. Actually our new condition can always supersede 
the JSC. 

Lemma 5. Suppose that the joint survival distributions fi and A satisfy 
the JSC. If^k > 1 for all k G A, then the pair (fi, A) satisfies the DGC. 

Proof. We take for the sets Xk and Yk in (|sj) the marginal supports 
of fi and A. Then the JSC implies that (DGO) holds. Since = if 
i G" Supp m (A), and similarly for p iy we have for all e G A 

7 e (Supp m (»,Supp m (A)) = 5Zl S upp m (A)(0 1 Supp m ( M )(^ + e) 

ieA 

ieA 
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since the number on the left hand side is an integer larger than 1. 
Therefore and certainly satisfy (DG1) and (DG2) for all fee A. 
Thus (/i, A) satisfies the DGC. □ 

5. Classifying correlated fractal percolation 

With the distributed growth condition at our disposal we can make an 
attempt to solve the Palis problem for correlated fractal percolation. 
To facilitate our search for sets satisfying the DGC, we introduce an 
alternative notation for subsets of the alphabet. A subset S of the 
alphabet A can be represented as a string of length M with at the ith 
position a zero or a one, indicating whether or not i is contained in S. 
For (m, M, p)-percolation, all subsets of A to which is assigned positive 
probability correspond to a string consisting of m ones and M—m zeros, 
where any order of the symbols is allowed. Next we need the notion of 
the cyclic shift operator a. For any string X = x Xi . . . xm-i%m-\ we 
define 

(9) a(X) = xix 2 . ■ -Xm-iXo- 

For the kth iterate of a we use the notation a k and for its inverse 
a~ k . Computing 7fc(X, Y) can be done by writing down the two binary 
strings corresponding to cr k (X) and Y, and then counting in how many 
positions both strings have a one (this will be called a coincidence). 



This procedure is illustrated in (10) for M = 9, k = 4 and the sets 



X = {3, 5, 7, 8} and Y = {0, 1, 6, 7}, where we abuse notation by also 
writing X for the indicator string of X, and similarly for Y (this will 
never cause confusion). 

X : 1 1 1 1 

( 10 ) a\X) : 1 1 1 1 

Y : 1 1 1 1 

As we see, there is one coincidence, so j4(X,Y) = 1. Checking the 
DGC boils down to finding binary strings with the right properties as 
given in (DG0), (DG1) and (DG2). 

Let X and Y be two subsets of the M-adic alphabet A containing 
m elements in order to satisfy (DG0). Our strategy is to choose X such 
that we get a binary string with all ones at the beginning and Y such 
that the ones are distributed evenly over the string in such a way that 
at most m — 1 consecutive zeros occur. This pattern will lead to ful- 
fillment of requirement (DG1). If we have sufficient freedom to choose 
Y within this framework, then we will also succeed in letting (DG2) 
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be satisfied. The details of this strategy are filled in in the proof of the 
lemma below. 

Lemma 6. For (m, M,p) -percolation the following two assertions hold: 

(1) If m < \J~M or p < - , then Fi — F 2 contains no interval 

a.sE 1 

(2) Ifm > y/M + 2 and p > —=, then Fi — F 2 contains an interval 

y/M 



a.s. on {Fx - F 2 ^ 0}. 
Proof. Suppose that p < -7=, then for all k e A we have 



lk = Mp 2 <M[-^) =1, 



'M, 

and consequently F\ — F 2 contains no interval a.s. by Theorem [2| If 
m < \/M, then p = (1 — /i(0))f^ < and consequently the same ar- 
gument is applicable, completing the proof of the first part of Lemma[6j 

For the proof of the second assertion, assume that m > y/M + 2 and 
define X,Y' O A by their strings 

Y' = ^[lO™- 1 ] 9 , 

where q = \_M/m\,R is a left substring of 10 m_2 (R is empty when m 
divides M), and [10" 1-1 ] 9 denotes the string 10 m_1 , q times repeated. 
Ignoring the trivial case M = m = 2 we obtain from m > \JM + 2 
that we may assume m > 3. 

Since Y' does not contain m consecutive zeros (also cyclically), whereas 
X begins with m consecutive l's, we must have 

-f e (X,Y')>l for e = 0,l,...,M-l. 

So X and Y' satisfy (DG1). The set X contains m elements, which 
means that /x(X) > 0. 

Note that q = \_M/m\ can not exceed m — 1, since that would imply 
m < \[M. 



Case 1: q < m — 2 or R is empty. 

1 Actually, m < \/M implies that p < 1/ vM. Hence the statement "If p < 
1/vM, then F\ — F2 contains no interval a.s." is equivalent to the first assertion 
of Lemma [6] We formulated the lemma in this way to emphasize what the bounds 
on m are. 
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Then Y' contains at most m — 1 ones. In order to obtain (DG2), we 
construct Y" from Y' by putting a one in the second position (if there 
is a zero) — note that X and Y" will then certainly still satisfy (DG1). 
Moreover, we now have 

jo(X,Y") >2, Ji(X,Y") >2, 



since m > 3. Finally Y is obtained by adding l's to Y" (if necessary) till 
Y contains m ones — and thus //(F) > 0. As an illustration for M = 7 
and m = 4, X is given by 1111000 and (writing jk[') f° r 7fc(^> ')) : 





String 


/!(■)> 


7e(0 > 1 Ve G A 


7o(0.7i(0 >2 


V : 


1001000 


no 


yes 


no 


Y" : 


1101000 


no 


yes 


yes 


Y : 


1111000 


yes 


yes 


yes 



Now we have found X := X and F := Y satisfying (DG0), (DG1) 
and (DG2) for k = 0. By observing that 



(11) lk {X, a k Y) = 7o (X, Y); 7fc+1 (X, a k Y) = 7l (X, F), 

it follows that the DGC holds for any k G A if we take X^ = X en 
Y k = a k Y. 



Case 2: q = m — 1 and R ^ 0. 

Since m > \[M + 2, we have (with r the length of i?) 

M = m 2 — m + r>M + 2 — m + r, 

so r < m — 2, implying that does not contain more than m — 3 zero's. 
This gives that 7o(A, F) > 2 and 7i(X, F) > 2. Now again we can take 
Xk = X en Ffc = cr fc F. Summarizing, for all cases of correlated fractal 
percolation in part (2) we have shown that (DG0), (DG1) and (DG2) 
hold. We conclude that the DGC is satisfied. 
Moreover, for all k e A we find 

M-l / -, \ 2 



Ik = J2 PjPi+k = Mp 2 >M ) = I. 

.7=0 VVM, 



and therefore, by Theorem [2j Fi — F 2 contains an interval a.s. on 
{F 1 -F 2 ^®}. ' □ 

Lemma |6] still gives no conclusive answer for some combinations of 
m and M when p > 1/ \/M, namely, those where m = y/M + 1. By 
having a look at the 2 nd order sets for (m, M, p)-percolation this can 
be resolved. 
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Lemma 7. Consider (to, M,p) -percolation. If p > an< ^ 



(12) m = v / M+L 

then F\ — F2 contains an interval a.s. on {Fx — F2 7^ 0}. 

Proof. First we have a look at the shape of the binary strings cor- 
responding to 2 nd order sets to which is assigned positive probability 
by the 2 nd order joint survival distribution ji^ of correlated fractal 
(to, M, p)-percolation. Such a string has length M 2 . It should be re- 
garded as consisting of M blocks of length M. Each of these blocks 
contains either exclusively zeros, or it contains M — m zeros and to 
ones. Blocks of the latter kind occur exactly to times. Positions in the 
binary string can be identified with numbers in A^: an M 2 -adic num- 
ber represented by k 2 = kxk<i corresponds to the {k 2 + l)th position in 
the (kx + l)th block. 



Note that fll2[ ) implies that M — m(m — 1) = m— 1 and \_M/m\ = to— 1. 
This means that the two strings X and Y' defined in the proof of 
Lemma [6] are now equal to (we omit from now on the prime on Y) 

X = r m o M - m , 

Y = [10 m - 2 ] [lO™- 1 ]" 1 " 1 . 

The basic idea of the proof is to replace the O's in these two strings by 
blocks M , and the l's by blocks similar to X or Y to obtain for all 
k 2 ^ A^ 2 ) the order 2 strings xj® and Y^ which will satisfy (DG1) and 
(DG2) — note that by construction (DGO) is then obviously satisfied. 
Actually we will replace all the m l's in X by the string Y . Replacing 
additionally the M — m O's by blocks M we obtain Xj® independent 
of k 2 , and hence we will denote it by X^ 2 \ 

(2) 

The definition of F fc v is slightly more involved. We first restrict our- 
selves to the case kx = and define: 

y Q g : = a Ms ({a k2 (X)Qt m -V M ] O^-^f 4 ) , 

where s is given by 



s 



if < k 2 < m - 2, 

1 if m- 1 < k 2 < M- 1. 



So the to l's in Y are replaced by shifted versions of X and O's by 
blocks M and finally an additional shift over M positions is applied 
on the complete string if k 2 is at least m—1. 
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Example 1. Let M = 8 and m = 3. Then 

X = 11100000 and Y = 10100100. 

Writing O = 8 and s = l{ n; n>2}(^2); we have for 0k 2 G A^ 2 ^ 

= YYYOOOOO 
yjg = a 8s (a k2 (X) O a k2 {X) O O a k2 (X) O O). 

Suppose that X^ and Y^ satisfy the DGC. Then it is easy to con- 
struct sets X^ and Y^l satisfying requirements (DG1) and (DG2) for 
other values of k%. First observe that all shifted versions of X^ and 

(2) 

y ofca still satisfy (DG1). Furthermore we use the fact that 
7 £>(X<V faM (0) = 7g(A'< 2 ',yg)>2, 

T^V^ffS)) = -C 2)+1 (x«>,y£!)>2. 

Now it follows that we can choose y fc (2) = a klM (Y c (2 ^ 



0fc 2 . 



(2) 
0k 2 



To complete the proof, it suffices to check that the sets X^ and F c 
satisfy requirements (DG1) and (DG2) of the DGC. Therefore, we con- 
sider the correlation coefficients ^^(X^, Y^) where e 2 = ei e 2 G A( 2 ). 
We will focus first on the 'coarse' structure, i.e. on those correlation 
coefficients for which e 2 = 0. Here we will always have a string a k2 (X) 
in Yq^ coinciding with a string Y in X^ for the same reason that we 
always have a coincidence at level 1. This implies that we also always 
have a string a k2 (X) in Y^ coinciding with a zero string of length M 
in X^ which is followed (cyclically) by a string Y. 
It follows that if we will shift on the 'fine' level by varying e 2 , then in 
all cases we are in the same situation of one o~ k2 (X) block 'entering' 
an Y block, and one o~ k2 (X) 'leaving' an Y block. Thus we get the 
same coincidences as in the case where o~ k2 (X) and Y are compared 
cyclically, and therefore the second order correlation coefficients can 
be related to the first order correlation coefficients 7 e (<j fc2 (X), Y): 

(13) 1 { 2{X {2 \ Y£l) > 7e2 (F, a k2 (X)) > 1 

for all e 2 = eie 2 G A( 2 ). As wc sec. (DG1) holds for all e 2 6 A< 2 >. 



Now we turn to (DG2). If e 2 = k 2 , then in (13) we even have by 



equation (JTTj) that 

0k 2 



'rSHx^YSIl) > 7e 2 (Y,a k2 (X)) = 7o (F,X) 
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which means that 

(14) 7S(X( 2 ),F £)>2. 

We still have to check that also 7^ 2 ) +1 (A (2) , Y^) > 2. First we con- 
centrate on the case where both the first and the last F-block in 
coincide with a a 2 {X) block in ig fc . To illustrate this in the terms of 
Example [TJ we have: 

= YYYOOOOO 
Y® = a k2 {X) O a k2 {X) O O a k2 {X) O O. 

Keeping k\ fixed to zero and varying fc 2 , the structure of coincidences 
we obtain will look like: 



YY : |1 010010 0| 1010010 0| k 2 j sj 

o- fe 2(X)o- fc 2(x) : |1 110000 0| 1110000 0| 

|1 100000 1| 1100000 0| 1 

|0 0000011 |1 000001 1| 2 1 

[0 0000111 [0 000011 1| 3 1 

|0 0001110 |0 000111 0| 4 1 

|0 0011100 |0 001110 0| 5 1 

|0 0111000 |0 011100 0| 6 1 

|0 1110000 |0 111000 0| 7 1 



Each line in the table corresponds to a value of k 2 and displays the 
string o~ k2 (X)o~ k2 (X). This string is moved over fc 2 + 1 positions to the 
right, since we are interested in 7(ok 2 )+i(-^ 2 ^ ^okl)- Then, for each value 
of fc 2 the corresponding value of s (being either or 1) is computed. If 
s = 1, then the string is moved over M = 8 positions back to the left. 
By construction, the number of coincidences of YY with the A^-line in 
the table is a lower bound for Tmfe^+iC^ 2 ^ ^okl)- ^ n eac h of the lines of 
the table, we have coincidences with both bold ones in YY. Therefore, 

Combining this with (14), we see that (DG2) holds. Adapting this ar- 
gument for other values of M and m is straightforward. 



As we have seen in the proof of the previous lemma, it is possible to 
find sufficient independent left and right triangles. Therefore, we have 
completed our proof that the distributed growth condition is satisfied. 
We also already saw p > 1/ \fM implies that 7 > 1 , and hence we can 
use Theorem [2] to finish the proof of Lemma [7j □ 

Theorem 3. For correlated fractal (m, M,p) -percolation we have 
(1) If'-f > 1 then F1—F2 contains an interval a.s. on {F\ — F 2 7^ 0}. 
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(2) 1/7 < 1, then Fx — F 2 contains no interval a.s. 

Proof. This result is the combination of Lemma [6j Lemma [7] and 
Proposition [TJ □ 
We remark here that since these results will also hold if we merely 
require that all sets with m elements have positive probability to occur, 
the theorem will also be true in this more general case. 



6. The lower spectral radius in the symmetric case 

In this section we show that the distributed growth condition propa- 
gates to higher order Cantor sets. As a consequence, the spectral radius 
characterization obtained in [2] can be extended to joint survival dis- 
tributions satisfying the DGC 

Lemma 8. (Propagation of the distributed growth condition to higher 
orders) Suppose the pair of joint survival distributions (fi, A) satisfies 
the DGC. Then for all n > 1, the pair of nth order joint survival 
distributions (^ n \ X^) satisfies the DGC. 

Proof. Choose a string k n e A^ n \ which we write as k n = kk 2 ■ ■ ■ k n , 
with fee A and k 2 . . .k n E A*™ -1 ). We check that we can find nth order 
sets satisfying the DGC for this k n . Since the pair (u, A) satisfies the 
DGC, there exist first order sets X k ,Y k C A satisfying (DGO), (DG1) 
and (DG2). Define 

Xk ] ■= {L = /i.../nGAW:/ i GX fc forallj = l,...,n}, 
Yk n) ■■= {L n = h...l n e : lj e Y k for aU j = 1, . . . ,n} . 

Obviously, ^ n \X^ ] ) > and A^(Y; (n) ) > 0. Define a new pair of nth 
order joint survival distributions by ij!^\x^) = X^\y^) = 1. Also 
define a first order deterministic pair of joint survival distributions by 
/ifc(Afc) = \k(Yk) — 1- The expectation matrices belonging to these nth 
order survival distributions are related to those belonging to the first 
order survival distributions by 

Mt\k n ) = M k (k n ) = M k (k)M k (k 2 ) . . . M k (k n ). 

Using that X k and Y k satisfy (DG1) and (DG2), and that the columns 
sums of the expectation matrices are equal to the correlation coeffi- 
cients, we obtain that 

n n 

[1 l]M ( k n) (k n ) = [1 lWuWllMHikj) > [2 2}Y[M k (k j ) > [2 2] 
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elementwise, which means that Z^' L (k n ) > 2 and Z^' R (k n ) > 2, or 
equivalently 

7* n (4 n \n (n) )>2; 7A n+ i(4 n) ,n (n) )>2. 

Similarly 7z n (X^ n) , F fc (n) ) > 1 for all [„ G AK It follows that the pair 
{^ n \ A (n) ) satisfies the DGC. □ 

This propagation property leads to the theorem below. The lower spec- 
tral radius of a set £ of square matrices is defined by 

p(E):=liminf min \\A X . . . A n \\ 1/n , 

— n^oo Ai,...,/l n e£ 

for some matrix norm || • ||. For two M-adic random Cantor sets, let 
Em be the corresponding collection of expectation matrices 

(15) Z M :={M(0),...,M(M-1)}. 

Then we obtain the following result: 

Theorem 4. Consider the algebraic difference F\ — F 2 between two M- 
adic independent random Cantor sets Fi and F 2 with the same joint 
survival distribution satisfying the distributed growth condition. 

(1) If p(Em) > 1, then F1—F2 contains no interval a.s. on {Fi — F 2 7^ 

(2) < 1, then Fi — F 2 contains no interval a.s. 

Proof. The proof is basically the same as the proof of Theorem 6.1 
in [2]. There is a difference in the fact that here we do not require 
irreducibility explicitly. From the symmetry // = A it follows that 
m e = m_ e for all e G A U —A. Now, since the DGC holds, we get 
the irreducibility for free. 

After derivation of the same statements concerning the nth order cor- 
relation coefficients as in [2], we apply our Theorem [2j This is justified 
by the fact that the DGC propagates to higher orders, as was shown 
in Lemma [Sj □ 

7. Final remarks 

We have solved the problem of the Palis conjecture for correlated fractal 
percolation (Theorem [3]), even for the critical case. For this we intro- 
duced a new growth condition, which as a bonus gives a more general, 
and a more simple proof of the basic theorem (Theorem [2]). It is more 
simple since we do not need the combinatorial 'color lemma' of [1] and 
[2], nor the irreducibility condition of [2]. The counterexample of [2] 
(where the spectral radius is larger than 1, but still there is no interval 
in the algebraic difference) is now explained by the fact that 7 = 1 in 
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that example. In view of Proposition [TJ this makes us conjecture that 
in general the algebraic difference Fx — F 2 will not contain an interval 
if dim H (-Fi) + dim^i^) = 1 (except for deterministic sets). 
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